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Abstract
This paper is devoted to studying some topological questions related to well known Hedet-
niemi’s conjecture on the chromatic number of the categorical product of graphs. It is
surprisingly shown that Hedetniemi’s conjecture implies a statement in Topology by M.
Wrochna and T. Matsushita (independently). Precisely, they showed if Hedetniemi’s con-
jecture is true, then the Z2-index of the Cartesian product of two Z2-spaces is equal to the
minimum of their Z2-indexes. In addition, Wrochna conjectured the correctness of the latter
statement. We show Wrochna’s conjecture is true for the case that one of the Z2-spaces is
an n-sphere Sn, and fully confirm the version of this conjecture for the homological index.
There is also a generalization of Hedetniemi’s conjecture for hypergraphs. To approach
this conjecture, we establish a topological lower bound for the chromatic number of the cat-
egorical product of hypergraphs. Consequently, we enrich the family of known hypergraphs
satisfying this conjecture. Especially, we reprove the known fact that the conjecture is valid
for the usual Kneser r-hypergraphs. We also give some other applications of this bound,
such as, a new proof of a well-known conjecture of Erdős, and a new way for constructing
r-hypergraphs with arbitrary high chromatic numbers and small clique numbers.
Keywords: Chromatic number, Compatibility hypergraph, G-index, homological-index,
Hedetniemi’s conjecture
1. Introduction
The original motivation of this work comes from a long-standing conjecture of Stephen
T. Hedetniemi [Hed66]. In 1966, Hedetniemi conjectured that the chromatic number of the
categorical product of two graphs is equal to the minimum of their chromatic numbers.
Remember, the categorical product of two graphs H1 and H2, denoted by H1 × H2, is the
graph with the vertex set V (H1) × V (H2) and any two vertices (u1, u2) and (v1, v2) are
adjacent in H1 × H2 if and only if ui and vi are adjacent in Hi for i = 1, 2. This problem
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has attracted a great deal of interest over the past half-century, and has been shown to
hold for some families of graphs. However, the conjecture is still open in general. For a
recent account of the theory, we refer the reader to the excellent survey article by Claude
Tardif [Tar08]. In 1992, a generalization of Hedetniemi’s conjecture was raised by Xuding
Zhu [Zhu92]. Actually, Zhu conjectured that for given hypergraphs H1 and H2 we have
χ(H1 ×H2) = min{χ(H1), χ(H2)},
where χ() is the usual chromatic number function, and the categorical product H1 ×H2 is
the hypergraph with the vertex set V (H1)× V (H2) and whose edge set is
E(H1 ×H2) = {{(u1, v1), . . . , (us, vs)} : s ≥ 1, {u1, . . . , us} ∈ E(H1), {v1, . . . , vs} ∈ E(H2)}.
Note that the product of two graphs with the above definition is not the same as the
categorical product of two graphs mentioned earlier. Indeed, if H1 and H2 are two graphs
and each has at least one edge, then H1 × H2 with this new product is not even a graph.
However, it is fairly easy to see that they have the same chromatic number. This confirms the
claim that Zhu’s conjecture is a generalization of Hedetniemi’s conjecture. This conjecture
is wide open, and just a little progress has been made on it. The first nontrivial family of
hypergraphs satisfying this conjecture was announced in 2016 by H. Hajiabolhassan and F.
Meunier [HM16]. Actually, they proved that Zhu’s conjecture is true for every pair of usual
Kneser r-hypergraphs. For more recent work, see [SAT18].
1.1. Main results:
The main aim of this paper is to study the mentioned conjectures using topological
methods. For this purpose, to a given G-poset P , we assign an r-hypergraph C(r)P , called
compatibility r-hypergraph. Then, we establish a connection between the chromatic number
of this hypergraph and a topological property of the order complex of P . To state the results
precisely, we need some notion and definitions. Here, we just review the most crucial ones
needed for this part. And, the standard definitions of hypergraphs and G-spaces will be
presented in the preliminaries section.
Throughout the paper, the cyclic group of order r is denoted by Zr, and its generator
is written by ζ. The number of elements of a finite set X is denoted by |X|. The symbol
[n] stands for the set {1, . . . , n}, and ([n]
k
)
for the set of all k-subsets of {1, . . . , n}. The
dimension, and geometric realization of a simplicial complex K are denoted by dim(K),
and ||K||, respectively. Indeed, the join of simplicial complexes K1, . . . ,Kn is denoted by
K1∗· · ·∗Kn. A face poset P (K) of a simplicial complex K is a partially ordered set (poset for
short) whose elements are simplices of K ordered by the inclusion ⊆. Here and subsequently,
G stands for a finite non-trivial group and its identity element is denoted by e. Remember,
any two elements a, b of a poet (P,) are said comparable if a  b or b  a. A G-poset is a
poset (P,) equipped with a G-action on its elements that preserves the partial order, i.e.,
a ≺ b implies g · a ≺ g · b for all g ∈ G and a, b ∈ P . A G-poset P is called free G-poset,
if for all p ∈ P , g · p = p implies g = e. Recall, the order complex ∆(P ) of a poset (P,)
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is the simplicial complex whose vertices are the elements of P and whose simplices are all
chains in P ; i.e,
∆(P ) = {{x1 ≺ · · · ≺ xn} : n ≥ 1 x1, . . . , xn ∈ P}.
For an integer k ≥ 0, a topological space X is called k-connected if its all homotopy groups
are trivial up to the dimension k. The maximum k that X is k-connected, if it exist, is
denoted by conn(X). Also, a non-empty topological space is called (−1)-connected. A
simplicial complex K, and a poset P are called k-connected if ||K||, and ||∆(P )|| are k-
connected, respectively.
Let n ≥ 0 be a non-negative integer. An EnG space is the geometric realization of an
(n − 1)-connected free n-dimensional simplicial G-complex. A well-known example among
these spaces is the geometric realization of the standard (n + 1)-fold join G ∗G ∗ · · · ∗G︸ ︷︷ ︸
n+1
.
Now, for any G-space X, set
indG(X) = min{n| there is aG-equivariant mapX → EnG}
coindG(X) = max{n| there is aG-equivariant mapEnG→ X}.
It is worth pointing out that the values of indG(X) and coindG(X) are independent of which
EnG space is chosen, because any of them G-equivariantly maps into any other. Finally, let
us mention the hierarchy between these parameters. For any G-space X, we have:
conn(X) + 1 ≤ coindG(X) ≤ indG(X),
see [Mat08, Chapter 6] for details. Now, we are in a position to define the compatibility
r-hypergraph, the main object of our study.
Definition 1 (compatibility r-hypergraph). Let P be a G-poset, and r ≥ 2 be a positive
integer. The compatibility r-hypergraph of P , denoted by C(r)P , is the r-hypergraph that has
P as vertex set and whose an r-subset e = {p1, . . . , pr} of distinct elements of P forms an
edge of C(r)P if for each distinct elements pi, pj ∈ e there is an element g ∈ G \ {e} such that
pi and g · pj are comparable in P .
It is worth pointing out that the graph version of compatibility r-hypergraph, i.e., when
r = 2 in Definition 1, is defined in [Dan17]. Throughout the paper, we simply write CP
instead of C(2)P . We refer the interested reader to [Dan18a, Dan18b, Dan17] for more informa-
tion on compatibility graphs and their applications. We emphasize that some variant of com-
patibility graphs, for G = Z2, were defined before by several authors [Cso07, Živ05, Wal83].
Now, we are in a position to state our first result.
Theorem 2. Let p be a prime number, G = (Zp)k the additive group, and P a free G-poset.
For every positive integer r with 2 ≤ r ≤ |G| we have:⌈
conn (||∆(P )||) + 2
r − 1
⌉
+
⌈ |G|
r − 1
⌉
− 1 ≤ χ
(
C(r)P
)
.
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In particular, for the case that G = Zp, we have:⌈
indG (||∆(P )||) + 1
r − 1
⌉
+
⌈ |G|
r − 1
⌉
− 1 ≤ χ
(
C(r)P
)
.
This is not the first time that one studies the chromatic number of a graph (or a hyper-
graph) via topological methods. This story was initiated by Kneser’s conjecture which in
the language of graph theory states: The chromatic number of the Kneser graph KG(n, k)
is n − 2(k − 1) where n ≥ 2k. Recall that KG(n, k) is a graph that has all k-subsets of
the set [n] as vertices and two k-sets are adjacent if they are disjoint. It is fairly easy to
see that KG(n, k) is (n− 2(k − 1))-colorable. But, the necessity of needing this number of
colors had not been verified for more than two decades. Finally, in 1978, Lovász [Lov78]
came out with an ingenious idea using a tool from topology! He associated a simplicial
complex N (H), called neighborhood complex, to a given graph H. Then, he presented the
following lower bound for the chromatic number of H, based on a well-known theorem in
topology, Borsuk-Ulam theorem: If the neighborhood complex N (H) of H is topologically
k-connected, then the chromatic number of H is at least k + 3. Lovász completed his proof
by verifying that N (KG(n, k)) is (n− 2k− 1)-connected, for details see [Lov78]. It is worth
pointing out that, now much simpler proofs are known [Mat04, Gre02]. But, it was not the
end of the story! Erdős believed that a generalization of Kneser’s conjecture must be true
as well. Actually, he made a conjecture in [Erd73] which is equivalent to saying that for
positive integers k ≥ 1, r ≥ 2, and n ≥ rk:
χ(KGr(n, k)) =
⌈
n− r(k − 1)
r − 1
⌉
,
where KGr(n, k), called the usual Kneser r-hypergraph, is an r-hypergraph which has the
k-subsets of [n] as vertex set and whose edges are formed by the r-sets of pairwise disjoint k-
subsets of [n]. Erdős’s conjecture was originally confirmed by Alon–Frankl–Lovász [AFL86].
Again similar to Kneser’s conjecture the part χ(KGr(n, k)) ≤
⌈
n−r(k−1)
r−1
⌉
was easy. And so,
the main problem was verifying the reverse inequality. To prove this part, they introduced a
simplicial complex Bedge(H)1 to a given r-hypergraph H. And they showed that for an odd
prime number r, if Bedge(H) is ((t−1)(r−1)−1)-connected, then H is not t-colorable. From
now on, the later result called the Alon–Frankl–Lovász bound. They completed their proof,
for the case that r is an odd prime, by verifying that Bedge(KGr(n, k)) is indeed (n−rk−1)-
connected. The proof for non-prime cases derived from a simple combinatorial lemma: If
χ(KGri(n, k)) ≥
⌈
n−ri(k−1)
ri−1
⌉
for all n ≥ rik and i = 1, 2, then χ(KGr(n, k)) ≥
⌈
n−r(k−1)
r−1
⌉
for all n ≥ rk where r = r1r2. For other proofs, see [Fri, AH15, Meu11, Kri92].
After this literature review, let us mention several applications of Theorem 2 which we
will present in Section 6.
1. We show that the Alon–Frankl–Lovász bound is a special case of our result.
1They originally used the notation C(H) instead of Bedge(H). We have this notation from [Tha12].
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2. Also, we give a new proof of Erdős’s conjecture.
3. Moreover, we give a new way for constructing r-hypergraph with an arbitrary high
chromatic number and the smallest possible clique number, i.e., r.
The next result is the main consequence of Theorem 2 which allows us to enrich the known
family of hypergraphs satisfying Zhu’s conjecture.
Theorem 3. Let p be a prime number, G = (Zp)k the additive group, and P,Q free G-posets.
For every positive integer r with 2 ≤ r ≤ |G| we have:⌈
min{conn(||∆(P )||), conn(||∆(Q)||)}+ 2
r − 1
⌉
+
⌈ |G|
r − 1
⌉
− 1 ≤ χ
(
C(r)P × C(r)Q
)
.
In particular, for the case that G = Zp, we have:⌈
min{coindG (||∆(P )||) , coindG (||∆(Q)||)}+ 1
r − 1
⌉
+
⌈ |G|
r − 1
⌉
− 1 ≤ χ
(
C(r)P × C(r)Q
)
.
In the following, we mention some applications of Theorem 3. Before proceeding, we
recall the definition of Kneser r-hypergraph for a given hypergraph H. The Kneser r-
hypergraph of a hypergraph H, denoted by KGr(H), is an r-hypergraph that has E(H)
as the vertex set and whose the edge set contains all r-sets of pairwise disjoint elements
of E(H). Here and subsequently, we simply write KG(H) instead of KG2(H). Note that
KGr(([n],
(
[n]
k
)
)) = KGr(n, k). As corollaries of Theorem 3, in Section 6, we will see that:
1. For r-hypergraphs H1,H2 where r is a prime number we have:
χ (H1 ×H2) ≥ 1 +
⌈
min{coindZr (||Bedge(H1)||) , coindZr (||Bedge(H2))||)}+ 1
r − 1
⌉
.
2. For given hypergraphs H1 and H2 and a prime number r we have
χ (KGr(H1)×KGr(H2)) ≥
1 +
⌈
min{coindZr (||Hom(Kr, KG(H1))||) , coindZr (||Hom(Kr, KG(H2))||)}+ 1
r − 1
⌉
3. Each of above inequalities implies the Hajiabolhassan–Meunier result for the case that
r is a prime number, i.e., usual Kneser r-hypergraphs satisfy Zhu’s conjecture. Again,
similar to Erdős’s conjecture, one can reduce a non-prime case to a prime case with a
combinatorial argument, see [Meu15].
Up to our information this is the first time that one gives a topological lower bound for
the categorical product of two hypergraphs. It is worth noting that such topological lower
bounds exist for the categorical product of two graphs, see [SZ10].
5
Recently, M. Wrochna [Wro17] and T. Matsushita [Mat17b] have independently shown
that the correctness of Hedetniemi’s conjecture implies the correctness of the following equal-
ity
indZ2 (X × Y ) = min{indZ2(X), indZ2(Y )},
for every pair of finite Z2-simplicial complexes X, Y . Indeed, Wrochna [Wro17] conjectured
the correctness of above equality. We confirm the Wrochna conjecture for the case that one
of the factors is an n-sphere Sn.
Theorem 4. Let X be a finite dimensional free Z2-CW -complex. Then
indZ2(X × Sn) = min(indZ2(X), n).
In addition, we show the correctness of Wrochna’s conjecture for several other cases. In
particular, we answers a question raised by Marcin Wrochna in [Wro17]: “Can one compute
the index of some non-trivial products involving non-tidy spaces?”.
Finally, our last main result fully confirms the version of Wrochna’s conjecture for the
homological index (also is known as Stiefel-Whitney height) in place of the Z2-index. Let
us briefly recall the definition of homological-index. Let X be a free finite cell Z2-space.
Consider the natural map piX : X/Z2 → S∞/Z2 = BZ2 and its corresponding map in the
modulo two cohomology pi∗X : H∗(BZ2)→ H∗(X/Z2) = H∗Z2(X). Since BZ2 can be viewed as
the infinite-dimensional projective space, we have A = H∗(BZ2) = F2[w]. We may consider
the maximal power of w for which pi∗X(wn) 6= 0 and write h-ind(X) = n, following Yang
[Yan55, Yan54]. We write h-ind(X) = ∞ if pi∗X(wn) 6= 0 for all n and simplify the notation
to pi∗X(w) = wX . It is known from Yang that coindZ2(X) ≤ h-ind(X) ≤ indZ2(X).
Theorem 5. Let X and Y be two finite free cell Z2-complexes. Then for their product with
the diagonal action of Z2 we have
h-ind(X × Y ) = min{h-ind(X), h-ind(Y )}.
Theorem 5 can be considered as a step towards Wrochna’s conjecture. Moreover, this
result extends the known family of graphs satisfying Hedetniemi’s conjecture. We should
emphasize that we have found two different ways for proving Theorem 5. And, we decided
to keep both proofs, as they demonstrate different techniques.
Organization: The organization of the paper is as follows. Section 2 presents some pre-
liminaries. Sections 3, 4, 5, and 6 are devoted to the proofs of Theorems 2, 3, 4, and 5,
respectively. Section 7 deals with some applications of our main results. Section 8 presents
a hierarchy between some known lower bounds for the chromatic number of KGr(H). Sec-
tion 9 deals with computing the index of some non-trivial products. Finally, Section 10
presents our second proof of Theorem 5.
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2. Preliminaries
In this section, we review some standard facts on hypergraphs and G-spaces.
2.1. Hypergraphs
A hypergraph H is a pair H = (V,E) where V is a finite set of elements called vertices,
and E is a set of non-empty subsets of V called edges. The vertex set and the edge set of
a hypergraph H are often denoted by V (H) and E(H), respectively. An m-coloring of a
hypergraph H is a map c : V (H) → {1, . . . ,m}. Moreover, c is called a proper m-coloring
if it creates no monochromatic edge, i.e., |c(e)| ≥ 2 for all e ∈ H. We say a hypergraph
is m-colorable if it admits a proper m-coloring. The chromatic number of a hypergraph
H, denoted by χ(H), is the minimum m such that H is m-colorable.. For two hypergraphs
H1 = (V1, E1) andH2 = (V2, E2) a homomorphism fromH1 intoH2 is a mapping ψ : V1 → V2
which sends any edge of H1 to an edge in H2, i.e., ψ(e) ∈ E2 for all e ∈ E1. An r-hypergraph
is a hypergraph such that all its edges have size r. A 2-uniform hypergraph is simply called
a graph. A subset T ⊆ V (H) of a vertices of an r-hypergraph H is called a clique if every
r-subsets elements of T is an edge of H. The clique number of an r-hypergraph H, denoted
by ω(H), is the largest cardinality of a clique of H.
2.2. G-spaces:
A group action of G on a set X is a function G ×X → X denoted (g, x) 7→ g · x, such
that e ·x = x and (gh) ·x = g ·(h ·x) for all g, h ∈ G and all x ∈ X. A G-set is a set equipped
with a group action of G. A G-set X is called free if for all x ∈ X, g · x = x implies g = e.
And, it is called fixed point free if for each x ∈ X there is a g ∈ G such that g · x 6= x. A
map ψ : X → Y between two G-sets X, Y is a G-equivariant map if ψ(g · x) = g · ψ(x) for
all X ∈ X and g ∈ G. A G-space is a topological space which is also a G-set. A simplicial
G-complex is a simplicial complex together with an action of G on its vertices that takes
simplices to simplices. A simplicial G-complex K is called free (fixed point free) if ||K|| is
free (fixed point free). If K is a (free) G-simplicial complex, then its face poset P (K) is a
(free) G-poset with the induced action of G. One can check that, if P is a free G-poset then
its order complex ∆(P ) is a free simplicial G-complex. Let us finish this section by stating
two useful lemmas will be needed for the proof of Theorem 2.
Lemma 6 (Dold’s lemma [Dol83]). Let G be a non-trivial finite group, X be a simplicial
G-complex with indG(||X||) = n+1, and Y a free simplicial G-complex of dimension at most
n. Then there is no continuous G-equivariant map from ||X|| to ||Y ||.
Lemma 7 (generalized Dold’s lemma [Vol00]). Let G = (Zp)k be the additive group. Let X
and Y be simplicial G-complexes with fixed point free action of G. Let X be n-connected and
Y be n-dimensional. Then there cannot exist a continuous map f : ||X|| → ||Y ||, commuting
with the action of G.
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3. Proof of Theorem 2
Proof. For simplicity of notation, set n = χ
(
C(r)P
)
and m = n−
⌈
|G|
r−1
⌉
+ 1. Let σ(r−2)G be a
simplicial complex whose vertex set is G and whose simplices are all subsets of G of size at
most (r − 1). Now, suppose that c : V
(
C(r)P
)
→ {1, . . . , n} is a proper coloring of C(r)P . We
show that this coloring induces a simplicial G-equivariant map
λ : ∆(P ) −→ σ(r−2)G ∗ · · · ∗ σ(r−2)G︸ ︷︷ ︸
m
.
Note that such a map on the level of vertices must take P to G× [m].
We partition P into disjoint equivalence classes, the orbits, under the G-action. Remem-
ber, the equivalence class containing x is [x] = {g · x : g ∈ G}. Take an arbitrary class [x].
We pick one element, say x′, from [x] with the property that
c(x′) = min{c(y) : y ∈ [x]},
as a representative, and we set λ(x′) = (e, c(x′)). Then, we extend λ on the remaining
elements of [x] as follows.
λ(g · x′) = (g, c(x′)) ∀g ∈ G.
We repeat the same procedure for the other classes as well.
Let us verify that λ is a well-defined function. For this purpose, we need to show that
any point in [x′], say x, can be uniquely represented as x = g · x′ for some g ∈ G. Now,
suppose that x = g ·x′ = h ·x′ for some g, h ∈ G. Then (h−1g) ·x′ = x′. So h−1g = e, as P is
a free G-poset. Thus, h = g. Moreover, for every x ∈ P we have |{c(y) : y ∈ [x]}| ≥
⌈
|G|
r−1
⌉
,
as every r-subset of [x] forms an edge in C(r)P . Therefore, λ takes its values in G× [m].
Next, we show that λ is a simplicial G-equivariant map. Clearly, by the definition of λ,
this map preserves the G-action. So, to prove our claim we just need to show that λ is a
simplicial map, i.e, takes any simplex to a simplex. Note that F1 unionmulti · · · unionmulti Fm is a simplex of
σ
(r−2)
G ∗ · · · ∗ σ(r−2)G︸ ︷︷ ︸
m
if and only if |Fi| ≤ (r − 1) for i = 1, . . . ,m. Therefore, λ is a simplicial
map if for every x1 ≺ · · · ≺ xr ∈ P with λ(x1) = (a1, b1), . . . , λ(xr) = (ar, br), if all bi’s are
equal, then all ai’s are not pairwise disjoint. Now, let x1 ≺ · · · ≺ xr be r distinct elements
of P such that:
(for i = 1, . . . , r λ(xi) = (gi, c(x′i))) & (c(x
′
1) = . . . = c(x
′
r)) ,
where x′i is the representative of the class [xi]. To finish the proof, we need to show that all
g′is cannot be pairwise distinct. Since otherwise, on the one hand we have x′i = g
−1
i · xi for
all 1 ≤ i ≤ r. On the other hand, for every 1 ≤ i < j ≤ r
g−1i · xi︸ ︷︷ ︸
x′i
≺ g−1i · xj = (g−1i gj) g−1j · xj︸ ︷︷ ︸
x′j
.
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These imply that {x′1, . . . x′r} is an edge in C(r)P , as g−1i gj 6= e for all i 6= j. This contradicts
the fact that c is a proper coloring of C(r)P . Therefore, λ is a G-simplicial map. This map
naturally induces a G-equivariant map from ||∆(P )|| to ||σ(r−2)G ∗ · · · ∗ σ(r−2)G︸ ︷︷ ︸
m
||. Therefore,
according to generalized Dold’s lemma,
conn (||∆(P )||) + 1 ≤ dim
||σ(r−2)G ∗ · · · ∗ σ(r−2)G︸ ︷︷ ︸
m
||
 = m(r − 1)− 1
= (χ(C(r)P )−
⌈ |G|
r − 1
⌉
+ 1)(r − 1)− 1,
as ||σ(r−2)G ∗ · · · ∗ σ(r−2)G︸ ︷︷ ︸
m
|| is fixed point free. Consequently,
⌈
conn (||∆(P )||) + 2
r − 1
⌉
+
⌈ |G|
r − 1
⌉
− 1 ≤ χ
(
C(r)P
)
,
which is the desired conclusion. The proof of the second part is much the same as the
first part. We just need to note that, when G = Zp, the complex ||σ(r−2)Zp ∗ · · · ∗ σ
(r−2)
Zp︸ ︷︷ ︸
m
||
is free. Hence, in this case we can replace conn (||∆(P )||) + 1 by indZp (||∆(P )||) in above
computation, according to Dold’s lemma. Now, the proof is completed.
4. Proof of Theorem 3
The proof is based on two lemmas.
Lemma 8. If P and Q are free G-posets, then C(r)P×Q is a subhypergraph of C(r)P × C(r)Q . In
particular, χ(C(r)P×Q) ≤ χ(C(r)P × C(r)Q ).
Proof. First note that both of these hypergraphs have the same vertex set, P × Q. Now,
let A = {(p1, q1), . . . , (pr, qr)} be an edge of C(r)P×Q. We need to verify that A is also an
edge of C(r)P × C(r)Q . This is equivalent to showing that A1 = {p1, . . . , pr} ∈ E(C(r)P ) and
A2 = {q1, . . . , qr} ∈ E(C(r)Q ). Take two arbitrary elements pi, pj ∈ A1. There is a g ∈ G\{e}
such that (pi, qi), and (g ·pj, g ·qj) are comparable in P×Q. Thus, pi and g ·pj are comparable
in P . Also pi 6= pj, as P is a free G-poset, which implies |A1| = r. Therefore, A1 ∈ E(C(r)P ).
Similarly, A2 ∈ E(C(r)Q ). Now, the proof is completed.
Note that, if each of hypergraphs C(r)P , and C(r)Q has at least one edge, then the hypergraph
C(r)P ×C(r)Q have edges with any size from r to r2. Thus, in this case, C(r)P×Q is always a proper
subhypergraph of C(r)P × C(r)Q , since C(r)P×Q can only have edges of size r. Even, an edge of
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C(r)P × C(r)Q with size r may not be an edge of C(r)P×Q. For instance, consider the following
example. Let r ≥ 2 be a positive integer, and G a group with |G| ≥ r. Now, consider
the G-poset P = G × [r] with natural G-action, h · (g, x) → (hg, x), and the order defined
by (h, x) ≺ (g, y) if x < y. Take r pairwise distinct elements g1, · · · , gr from G, and set
eσ,pi = {((gi, σ(i)), (gi, pi(i))) : i ∈ [r]}, where σ, pi are permutations of the set [r]. On can
easily check that eσ,pi ∈ E
(
C(r)P × C(r)P
)
for any permutations σ, pi, while eσ,pi ∈ E
(
C(r)P×P
)
if
and only if pi = σ.
Let us recall the definition of a product of two posets. Let (P1,1), (P2,2) be two
posets. The product P1 × P2 becomes a poset with the following relation; (p1, p2)  (q1, q2)
if p1 1 q1 and p2 2 q2. Furthermore, if they are (free) G-posets, then P1 × P2 is (free)
G-poset with the natural action, i.e, g · (p1, p2) = (g · p1, g · p2).
Lemma 9 ([Wal88]). If P and Q are free G-posets, then
||∆(P ×Q)|| ∼=G ||∆(P )|| × ||∆(Q)||.
In other words, there is a homeomorphism between ||∆(P × Q)|| and ||∆(P )|| × ||∆(Q)||
which preserves the G-action.
Now, the proof of this theorem is easily deduced from Theorem 2, Lemmas 8, 9, and the
simple known facts that:
1. For any topological spaces X, Y , we have conn(X × Y ) = min{conn(X), conn(Y )}.
2. Moreover, if X, Y are G-spaces, then coindG (X × Y ) = min{coindG (X) , coindG (Y )}.
5. Proof of Theorem 4
First note that, a good candidate for EnZ2 is the n-sphere Sn whose Z2-action is given
by the antipodal map, i.e., x 7→ −x. From now on, we consider Sn as a Z2-space with the
described action and put EnZ2 = Sn.
Proof. Obviously, indZ2(X × Sn) ≤ min(indZ2(X), n) since projections X × Sn → X and
X × Sn → Sn are equivariant.
1) Assume indZ2(X) ≤ n. Then there exists an equivariant map h : X → Sn, and
g : X → X × Sn defined as g(x) = (x, h(x)) is equivariant. Hence indZ2(X) ≤ indZ2(X × Sn)
and it follows that indZ2(X × Sn) = indZ2(X).
2) Assume indX > n where X is a free finite dimensional Z2-CW-complex. Denote
k-dimensional skeleton of X by Xk. Then Xk is an invariant subspace for any k and
indZ2(Xk) ≤ k since dim(Xk) ≤ k. In particular indZ2(Xn−1) ≤ n− 1. Assume dim(X) = d,
then X = Xd. For any k we have indZ2(Xk+1)− indZ2(Xk) ≥ 0. From Lemma below it follows
that indZ2(Xk+1)− indZ2(Xk) ≤ 1, so 0 ≤ indZ2(Xk+1)− indZ2(Xk) ≤ 1. It follows that by de-
creasing k from d to n−1 we can findm such that indZ2(Xm) = n. Hence indZ2(Xm×Sn) = n
by the first part of the proof. Therefore indZ2(X × Sn) ≥ indZ2(Xm × Sn) = n.
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Lemma 10. Let Y be a free Z2-space with indZ2Y = m and a free Z2-space Z is obtained
from Y by equivariant simultaneous attaching of cells. Then indZ2(Z) ≤ m+ 1.
Proof. There exists a Z2-map f : Y → Sm. Let ed be a cell in Z of dimension d attached
to Y via characteristic map ϕ : Sd−1 → Y . Consider f ◦ ϕ : Sd−1 → Sm. We can extend
this map to the map of cones, i.e to the map Bd → Bm+1. Considering Bm+1 as an upper
hemisphere in Sm+1 we obtain an extension of f to the map from Y with attached cell es
to Sm+1. By equivariance we can uniquely define the equivariant map to Sm+1 from Y with
attached cells es and Tes where T denotes the free involution on Z. Moreover the discussed
construction works for all attached to Y cells simultaneously.
Arguments similar to that used above in the case G = Z2 prove the following statements
valid for any finite G.
Lemma 11. Let Y be a free G-space with indGY = m and a free G-space Z is obtained from
Y by a procedure of equivariant simultaneous attaching of cells. Then indG(Z) ≤ m+ 1.
Theorem 12. Let X be a finite dimensional free G-CW -complex. Then indG(X×En(G)) =
min(indGX, n).
Remark 13. Let X be a finite dimensional free G-CW -complex. If Y is a free G-space
such that there exists an equivariant map En(G)→ Y , then from the above proposition we
obtain indG(X × Y ) ≥ indG(X × En(G)) = min(indG(X), n). In particular indG(X × Y ) ≥
min(indGX, n) if Y is a path connected free G-space such that pii(X) = 0 for 0 < i < n
(since in this case an equivariant map En(G)→ Y exists).
6. Proof of Theorem 5
Let h-ind(X) = n, and h-ind(Y ) = m. Without loss of generality assume n ≤ m. In the
cohomology (we only use modulo two) ofX/Z2 we have nonzero wnX , while in the cohomology
of Y/Z2 we have nonzero wmY . Since X × Y equivariantly projects onto both X and Y , we
have
h-ind(X × Y ) ≤ min{n,m}
by the monotonicity of the index (easily following from its definition).
Considering the rings H∗(X/Z2) and H∗(Y/Z2) as modules over the ring A = H∗(BZ2) =
F2[w] (which is mapped to them by the maps pi∗X and pi∗Y ), we see that they both split
into direct sums of indecomposable A-modules; H∗(X/Z2) has a summand isomorphic to
A/(wn+1) andH∗(Y/Z2) has a summand isomorphic to A/(wm+1). Here we use the structure
of modules over local principal ideal domains.
Now consider X × Y with the natural action of Z2 × Z2. The quotient X/Z2 × Y/Z2,
by the Künneth formula has the cohomology R = H∗(X/Z2) ⊗ H∗(Y/Z2). This R can be
viewed as a A⊗A-module. The decompositions of H∗(X/Z2) and H∗(Y/Z2) into the direct
sums of A-modules show that the A⊗A-module R splits into a direct sum of A⊗A-modules,
at least of them isomorphic to A/(wn+1)⊗ A/(wm+1).
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In the ring A⊗A let us denote the ring generators of the left and the right factor by wX
and wY respectively. In order to find h-ind (X × Y ) we need to study the diagonal action of
Z2 and the cohomology of the respective space (X × Y )/Z2. We actually have a two-sheet
covering
pi : (X × Y )/Z2 → X/Z2 ×X/Z2,
which can also be considered as the sphere bundle of a one-dimensional vector bundle. From
its Gysin exact sequence we know that the kernel of the cohomology map
pi∗ : H∗(X/Z2)⊗H∗(Y/Z2) = R→ H∗((X × Y )/Z2)
is generated (as an R-ideal) by the first Stiefel–Whitney class of the covering (its corre-
sponding vector bundle). This class is an element of
H1(X/Z2)⊗H0(Y/Z2)⊕H0(X/Z2)⊗H1(Y/Z2),
and its vector bundle corresponds to the representation of Z2 × Z2 on R on which both
factors act non-trivially, hence this Stiefel–Whitney class is
wX + wY ∈ H∗(X/Z2)⊗H∗(Y/Z2) = R.
Another way to see this is to note that the covering (X × Y )/Z2 → X/Z2 × Y/Z2 is a
pull-back of the coveting (EZ2 ×EZ2)/Z2 → EZ2/Z2×EZ2/Z2. For the latter it is clear that
its Stiefel–Whitney class equals w1 ⊗ 1 + 1 ⊗ w2 (wi are the generators of the two copies
of the ring H∗(EZ2/Z2;F2)). Hence by the pull-back we obtain wX + wY as the Stiefel–
Whitney class of the covering in question. Since R as an A×A-module contains a summand
A/(wn+1)⊗ A/(wm+1) and w(X) + w(Y ) ∈ A× A, the quotient
R/(wX + wY )R
will split accordingly into a direct sum and of A⊗A-modules and one of the summands will
be (
A/(wn+1)⊗ A/(wm+1)) /(wX + wY ).
In this module we can directly inspect that after taking the quotient we have wnX = wnY 6= 0
when n ≤ m. But this wX = wY is actually the characteristic element
wnX×Y ∈ H∗((X × Y )/Z2),
thus showing h-ind(X × Y ) ≥ n.
7. Some applications of our main results
In this section, we present several applications of our main results. For this purpose,
we need some auxiliary definitions and lemmas. Let us start by recalling Hom-complexes
which were originally defined by Lovász. Generally speaking, the Hom-complex Hom(F,H)
is a complex assigned to given graphs F,H. In recent decades, the connection between
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the chromatic number of a graph H and topological properties of ||Hom(F,H)|| have been
extensively studied by many researchers, for some fixed graphs F . Note that there are two
different ways to define them. In one way they become cell complexes and in the other way,
they become simplicial complexes, but they are topologically the same. The later version is
more appropriate for our purpose. Also, we need just the cast that F = Kn, the complete
graph with vertex set [n]. For more information on this topic, we refer the reader to [Koz07].
Hom-complex: For a graph H, we define the Hom-poset HomP(Kn, H) whose elements
are given by all n-tuples (A1, · · · , An) of non-empty subsets of V (H), such that for any
1 ≤ i 6= j ≤ n, and every x ∈ Ai, y ∈ Aj we have {x, y} ∈ E(H). The partial order
is defined by A = (A1, · · · , An) ≤ B = (B1, · · · , Bn) if and only if Ai ⊆ Bi for all i ∈
[n]. Now, the order complex of HomP(Kn, H) is called the Hom-complex, and is dented
by Hom(Kn, H). The cyclic group Zr can act on the poset HomP(Kr, H) naturally by
cyclic shift. In other words, for each ζ i ∈ Zr and (A1, · · · , Ar) ∈ HomP(Kr, H), define
ζ i · (A1, · · · , Ar) = (A1+i(modr), · · · , Ar+i(modr)). Clearly, this action is free. From now on, we
consider the Hom-poset HomP(Kr, H) as a free Zr-poset with the mentioned Zr-action.
r-clique hypergraph: An r-clique hypergraph Cliq(r)H associated to a graph H is the r-
hypergraph which has the same vertex set as H, and whose edges are all r-subsets of V (H)
such that each of them forms a clique of size r in H.
The next lemma reveals the relation between the chromatic number of compatibility r-
hypergraph of the Zr-poset HomP(Kr, H), and the chromatic number of Cliq(r)H . We note
that the proof of Lemma 14 is much the same as Theorem 4.1 in our previous work [Dan18b].
Lemma 14. Let H be a graph, and r a positive integer with 2 ≤ r ≤ ω(H). Then,
ω(C(r)HomP(Kr,H)) = r. Furthermore, there is a hypergraph homomorphism from C
(r)
HomP(Kr,H)
to Cliq(r)H which in particular implies that χ(C(r)HomP(Kr,H)) ≤ χ(Cliq
(r)
H ).
Proof. Let us first prove the first part. For an r-tuple Y = (Y1, · · · , Yr) ∈ V
(
C(r)HomP(Kr,H)
)
,
we define |Y | = |∪ri=1Yi|. Suppose the assertion of the lemma is false, that is ω(C(r)HomP(Kr,H)) ≥
r + 1. So, there are (r + 1) distinct vertices
X1 = (X
1
1 , · · · , X1r ), . . . , Xr+1 = (Xr+11 , · · · , Xr+1r )
of C(r)HomP(Kr,H) such that every r-subsets of them form an edge in C
(r)
HomP(Kr,H)
. Indeed,
without loss of generality, assume that
|X1| ≤ · · · ≤ |Xr+1|.
Now, for each 1 ≤ j ≤ r, there is an 1 ≤ sj ≤ r − 1 such that Xj  ζsj ·Xr+1, as Xj and
Xr+1 with any (r − 2) of the rest of Xi’s forms an edge in C(r)HomP(Kr,H). Thus, there exist
1 ≤ i < j ≤ r with si = sj. Set si = sj = a. Similarly, there is a 1 ≤ b ≤ r − 1 such that
Xi  ζb ·Xj. Therefore
Xi  ζa ·Xr+1
Xj  ζa ·Xr+1
Xi  ζb ·Xj
=⇒
{
Xi  ζa ·Xr+1
Xi  ζa+b ·Xr+1
=⇒
{
X i1 ⊆ Xr+1(a+1)(modr)
X i1 ⊆ Xr+1(a+b+1)(modr)
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Therefore, Xr+1(a+1)(modr) ∩Xr+1(a+b+1)(modr) 6= ∅. This contradicts the fact that any two distinct
entries of Xr+1 are disjoint. This finishes the proof of the first part. For the second part, we
need to construct a hypergraph homomorphism from C(r)HomP(Kr,H) to Cliq
(r)
H . First, consider
an arbitrary ordering of the vertices of H. Define
ψ : V (C(r)HomP(Kr,H)) −→ V (Cliq
(r)
H )
A = (A1, . . . , Ar) 7−→ minA1,
where the minimum is taken with respect to the fixed ordering on V (H). We claim that ψ
is a hypergraph homomorphism. Suppose that the vertices
A1 = (A
1
1, · · · , A1r), . . . , Ar = (Ar1, · · · , Arr)
forms an edge T in C(r)HomP(Kr,H), and assume |A1| ≤ · · · ≤ |Ar|. To finish the proof, we must
show that
ψ(T ) = {minA1︸ ︷︷ ︸
a1
, . . . ,minAr︸ ︷︷ ︸
ar
}
is an edge of Cliq(r)H , i.e., a1, . . . , ar forms a clique of size r in H. Again, for any 1 ≤ j ≤ r−1
there is an 1 ≤ sj ≤ r − 1 such that Aj  ζsj · Ar. These imply that
a1 ∈ A11 ⊆ Ar(s1+1)(modr)
...
...
ar−1 ∈ A(r−1)1 ⊆ Ar(sr−1+1)(modr)
ar ∈ Ar1
Similar to the proof of the first part, all the si’s are pairwise distinct. Thus, all ai’s are
pairwise distinct, i.e., |ψ(T )| = r. Indeed, they forms a clique in H, as any two elements of
two different Ar(si+1)(modr)’s are adjacent in H. Now, the proof is completed.
Note that, for any hypergraph H and any positive integer r, Cliq(r)KG(H) = KGr(H).
Hence, when r is a prime number, one can establish the following inequalities using Lemma 14
and Theorem 2:
χ (KGr(H)) ≥ χ(C(r)HomP(Kr,KG(H))) ≥⌈
r
r − 1
⌉
− 1︸ ︷︷ ︸
1
+
⌈
indZr(||Hom(Kr, KG(H)||) + 1
r − 1
⌉
In summary, we have the following result.
Corollary 15. Let H be a hypergraph, and r a prime number. We have
χ (KGr(H)) ≥ χ
(
C(r)HomP(Kr,KG(H))
)
≥ 1 +
⌈
indZr (||Hom(Kr, KG(H))||) + 1
r − 1
⌉
.
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Now, we are in a position to give a new proof of the Erdős conjecture. As we mentioned,
the main step of the proof of Erdős’s conjecture by Alon–Frankl–Lovász, was the part that
χ(KGr(n, k)) ≥
⌈
n−r(k−1)
r−1
⌉
when r is a prime number. One can give a new proof for this part,
by putting H = ([n], ([n]
k
)
) in Corollary 15, and using the fact that ||Hom(Kr, KG(n, k))||
is (n − rk − 1)-connected, proved by J. Osztényi [Osz10]. Let us give a brief outline of his
proof. For a given set X, and positive integers l, t, he considered the following poset
P (X, l, t) = {(X1, . . . , Xl) : ∀i (Xi ⊆ X ∧ |Xi| ≥ t) & ∀i 6= j (Xi ∩Xj = ∅)},
ordered by X = (X1, . . . , Xl)  Y = (Y1, . . . , Yl) if Xi ⊆ Yi for all i = 1, . . . , l. Then, he
showed that ||Hom(Kr, KG(n, k))|| is homotopy equivalent by ||∆ (P ([n], r, k)) ||, using the
well-known fact that ascending closure operator induce strong deformation retraction [Bjö95,
Corollary 10.12]. Finally, he completed his proof by verifying that ||∆ (P ([n], r, k)) || is
(n− rk − 1)-connected, using discrete Morse theory [Koz07] and Nerve theorem [Bjö95]. In
summary, we have the following corollary.
Corollary 16. Let r ≥ 2 be a prime number, and n, k positive integers with n ≥ rk. Then,
we have:
χ(C(r)HomP(Kr,KG(n,k))) =
⌈
n− r(k − 1)
r − 1
⌉
.
In particular,
χ(KGr(n, k)) =
⌈
n− r(k − 1)
r − 1
⌉
.
Here, we show how Theorem 2 implies the Alon–Frankl–Lovász bound. Let us begin by
recalling the Alon–Frankl–Lovász complex from [AFL86].
Bedge(H)-complex: Let H be an r-hypergraph,
pii : V (H)× · · · × V (H)︸ ︷︷ ︸
r
−→ V (H)
(u1, . . . , ui, . . . , ur) 7−→ ui,
the projection on the i-th coordinate, and pii(T ) = {pii(x) : x ∈ T} for any T ⊆ (V (H))r.
The Alon–Frankl–Lovász complex of H is the simplicial complex Bedge(H) whose the vertices
are all the ordered r-tuples (u1, . . . , ur) of vertices ofH with the property that {u1, · · · , ur} ∈
E(H). A set T = {(uil, . . . , uir) : i ∈ I} of vertices of Bedge(H) forms a simplex if pi1(T ), . . . ,
pir(T ) are pairwise disjoint and {x1, · · · , xr} ∈ E(H) for any choosing x1 ∈ pi1(T ), · · · , xr ∈
pir(T ). Again, the cyclic group Zr acts on the poset Bedge(H) naturally by cyclic shift, and
turns it to a free Zr-simplicial complex. Here and subsequently, we consider Bedge(H) as a
Zr-simplicial complex with the mentioned Zr-action. Indeed, we consider the face poset of
Bedge(H), P (Bedge(H)), as a free Zr-poset with the induced action of Bedge(H). Consider
the map C(r)P (Bedge(H)) → H that sends each element T = {(uil, . . . , uir) : i ∈ I} of C
(r)
P (Bedge(H))
to an arbitrary element of pi1(T ). Analysis similar to that in Lemma 14 shows this map is
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a hypergraph homomorphism as well. Thus, χ(C(r)P (Bedge(H))) ≤ χ(H). Now, by Theorem 2
and taking into account that any G-simplicial complex and its barycentric subdivision is
G-homeomorphic, the following corollary is deduced.
Corollary 17. For an r-hypergraph H where r is a prime number we have:
χ (H) ≥ χ(C(r)P (Bedge(H))) ≥ 1 +
⌈
indZr (||Bedge(H)||) + 1
r − 1
⌉
.
As another application, existence of high chromatic number r-hypergraphs with arbitrary
high chromatic numbers and the smallest possible clique numbers are deduced as well. More
precisely, for a prime number r , according to Lemma 14, ω
(
C(r)HomP(Kr,Kn)
)
= r, while
its chromatic number is
⌈
n
r−1
⌉
by Corollary 16. For example, the compatibility graph of
Z2-poset HomP(K2, K3) is a triangle-free graph with chromatic number 3, see Figure 1.
Figure 1: CHomP(K2,K3)
In summary, we have the following corollary.
Corollary 18. For positive integers n ≥ r ≥ 2 where r is a prime number, we have
χ
(
C(r)HomP(Kr,Kn)
)
=
⌈
n
r − 1
⌉
& ω
(
C(r)HomP(Kr,Kn)
)
= r.
Note that, the previous corollary was known for r = 2, see [Dan18b]. Now, let us come
back to our main questions concerning Zhu’s conjecture. First of all note that the following
results are direct consequences of Theorem 3, and Corollaries 15, 17.
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Corollary 19. If r is a prime number, then the following statements are true.
1. For r-hypergraphs H1,H2 we have
χ (H1 ×H2) ≥ χ
(
C(r)P (Bedge(H1)) × C
(r)
P (Bedge(H2))
)
≥
1 +
⌈
min{coindZr(||Bedge(H1)||), coindZr(||Bedge(H2))||}+ 1
r − 1
⌉
.
2. For every hypergraphs H1 and H2 we have
χ (KGr(H1)×KGr(H2)) ≥ χ
(
C(r)HomP(Kr,KG(H1) × C
(r)
HomP(Kr,KG(H2)
)
≥
1 +
⌈
min{coindZr(||Hom(Kr, KG(H1))||), coindZr(||Hom(Kr, KG(H2)||)}+ 1
r − 1
⌉
.
As immediate consequences of Theorem 3 and Corollary 19, the following items are a
new type of graphs satisfying Zhu’s conjecture.
1. Any pair of C(r)P1 , C
(r)
P2
for free G-posets P1, P2 with⌈
conn (||∆(Pi)||) + 2
r − 1
⌉
+
⌈ |G|
r − 1
⌉
− 1 = χ
(
C(r)Pi
)
for i = 1, 2,
where G = (Zp)k and r ≥ 2. Indeed, if k = 1, we can replace conn (||∆(Pi)||) + 2 by
coindZr (||∆(Pi)||) + 1 in above.
2. For a prime number r, any r-hypergraphs H1,H2 with
χ (KGr(Hi)) = 1 +
⌈
coindZr (||Hom(Kr, KG(Hi))||) + 1
r − 1
⌉
for i = 1, 2.
Furthermore, in this case, the pair of r-hypergraphs C(r)HomP(Kr,KG(H1)), and C
(r)
HomP(Kr,KG(H2))
also satisfies Zhu’s conjecture.
3. For a prime number r, any r-hypergraphs H1,H2 with
χ (Hi) = 1 +
⌈
coindZr(||Bedge(Hi)||) + 1
r − 1
⌉
for i = 1, 2.
Moreover, in this case, the hypergraphs C(r)P (Bedge(H1)) and C
(r)
P (Bedge(H2)) also satisfies Zhu’s
conjecture.
As we discussed, any pair of usual Kneser r-hypergraphs KGr(n1, k1), and KGr(n2, k2)
satisfies the required properties in items 2, 3 above, where r is a prime number and ni ≥ rki.
Therefore, the Zhu conjecture is true for each of the following pairs(
C(r)P (Bedge(KGr(n1,k1)), C
(r)
P (Bedge(KGr(n2,k2))
)
&
(
C(r)HomP(Kr,KG(n1,k1), C
(r)
HomP(Kr,KG(n2,k2)
)
.
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And, in particular, the usual Kneser r-hypergraphs KGr(n1, k1), and KGr(n2, k2) satis-
fies Zhu’s conjecture. Let us finish this section by giving one more application concerning
Hedetniemi’s conjecture.
Proposition 20. For every graphs H1, and H2, we have
χ(H1 ×H2) ≥ 2 + min{h-ind(||Hom(K2, H1)||), h-ind(||Hom(K2, H2)||)}
Proof. First note that for any graph H we have Cliq(2)H = H. Thus,
χ(H1 ×H2) ≥ χ(CHomP(K2,H1) × CHomP(K2,H2)) by Lemma 14
≥ χ(CHomP(K2,H1)×HomP(K2,H2)) by Lemma 8
≥ 2 + indZ2 (||∆ (HomP(K2, H1)×HomP(K2, H2)) ||) by Corollary 15
≥ 2 + h-ind (||∆ (HomP(K2, H1)×HomP(K2, H2)) ||) h-ind(X) ≤ indZ2(X)
≥ 2 + h-ind (||Hom(K2, H1)|| × ||Hom(K2, H2)||) by Lemma 9
= 2 + min{h-ind(||Hom(K2, H1)||), h-ind(||Hom(K2, H2)||)} Theorem 3.
It is worth noting that above corollary is known, if we replace h-ind by coindZ2 , see [SZ10].
But, our bound can significantly better than the bound given by coindZ2 , as:
1. For any free Z2-space, coindZ2(X) ≤ h-ind(X).
2. Any free Z2-simplicial complex is Z2-homotopy equivalent by a Hom(K2, H) for a
graph H [Cso07].
3. The difference between h-ind and coindZ2 of a free Z2-space can be arbitrary large [Mat17a].
Furthermore, any pair of graphs H1, and H2 with χ(Hi) = h-ind (||Hom(K2, Hi)||) + 2 for
i = 1, 2 satisfies Hedetniemi’s conjecture.
8. Hierarchy among the lower bounds
After introducing the complex Bedge(−), some other complexes were also defined to
bound the chromatic number of hypergraphs [Ali17, IK13, Koz05, Tha12]. For instance, for
a r-hypergraph H a Zr-complex, denoted by Hom(K(r)r ,H), was considered in [Tha12], and
the author showed that the complexes ||Bedge(H)|| and ||Hom(K(r)r ,H)|| are Zr-homotopy
equivalent. More recently, another generalization of Hom-complex, denoted byHom(Krr ,H),
for the r-hypergraph H has been defined by M. Alishahi [Ali17]. Actually, Hom(Krr ,H) is
a Zr-poset whose elements are all (U1, . . . , Ur) such that ∅ 6= Ui ⊆ V (H), Ui ∩ Uj = ∅ for
all i 6= j, and {a1, · · · , ar} ∈ E(H) for every a1 ∈ U1, . . . , ar ∈ Ur. Its ordering is given by
(U1, . . . , Ur)  (V1, . . . , Vr) if Ui ⊆ Vi for all i ∈ [r], and its action, similar to Bedge(H), is
defined by the cyclic shift. It will cause no confusion if we use the same notation for the
order complex of this poset. In this section, we show that the latter complex is the same as
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the others up to Zr-homotopy equivalence. Moreover, we establish a relation between the
original Hom-complex Hom(Kr,−) of graphs and the others. Finally, a hierarchy between
these bounds and some other combinatorial bounds for the chromatic number of KGr(H)
will be discussed. First, we need to introduce our tools.
We say that the order-preserving maps f : P → Q between posets P,Q are homotopic,
denoted by f ' g, if the induced maps |f |, |g| : ||∆(P )|| → ||∆(Q)|| are homotopic. The
following theorem is known as Bredon’s theorem. It is worth pointing out that the Bredon
theorem is true in a more general setting, and we just bring a corollary of it which is needed
in the sequel.
Theorem 21 (Proposition 2.7 [tD87]). Let X, Y be finite free G-simplicial complexes. Then
a G-map f : ||X|| → ||Y || is a G-homotopy equivalence if and only if f is an ordinary
homotopy equivalence.
The following theorem, known as the Order Homotopy Theorem, is a very useful tool for
showing homotopy equivalences among simplicial complexes.
Theorem 22 ( [Bjö95]). Let f, g : P → Q be two order-preserving maps of finite posets
such that f(x) ≤ g(x) for all x ∈ P . Then f ' g. In particular, if let P = Q and f = idP
is the identity map, then the map ψ : P → Im(g) which sends each x to g(x) is a homotopy
equivalence.
Generally speaking, next lemma says that the complex of Alon–Frankl–Lovász is a gen-
eralization of the original Hom-complex Hom(Kr,−) associated to graphs by Lovász. Par-
ticularly, the topological lower bounds are given in Corollaries 10, and 12 are the same for
χ (KGr(H)).
Lemma 23. For any graph H, the complexes ||Bedge(Cliq(r)H )|| and ||Hom(Kr, H)|| are Zr-
homotopy equivalent. In particular, for any hypergraph H we have
||Bedge(KGr(H))|| 'Zr ||Hom(Kr, KG(H))||.
Proof. Consider the order-preserving maps
ψ : P (Bedge(Cliq
(r)
H )) −→ HomP(Kr, H)
F 7−→ (pi1(F ), . . . , pir(F )) .
and
ϕ : HomP(Kr, H) −→ P (Bedge(Cliq(r)H ))
(A1, . . . , Ar) 7−→
r∏
i=1
Ai.
On the one hand, we have ψ ◦ ϕ = idHomP(Kr,H). On the other hand, for every F ∈
P (Bedge(Cliq
(r)
H ) we have idP
(
Bedge(Cliq
(r)
H )
)(F ) ⊆ ϕ ◦ ψ(F ). Thus, by Theorem 22, the maps
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id
P (Bedge(Cliq
(r)
H )
and ϕ ◦ ψ are homotopic, and hence ψ is a homotopy equivalence. Now,
Theorem 21 implies that ψ is a Zr-homotopy equivalence as ψ is a Zr-map. The second
part is simply deduced from the first part, and the fact that Cliq(r)KG(H) = KG
r(H) for any
hypergraph H.
Lemma 24. For any hypergraph H, we have:
||Hom(Krr ,H)|| 'Zr ||Bedge(H)||.
Proof. Consider the order preserving Zr-map
ψ : P (Bedge(H)) −→ P (Bedge(H))
F 7−→
r∏
i=1
pii(F ).
Clearly, we have idP (Bedge(H))(F ) ⊆ ψ(F ) for every F ∈ P (Bedge(H)). Thus, by the sec-
ond part of Theorem 22 and Theorem 21, ||∆(Im(ψ))|| is Zr-homotopy equivalence by
||Bedge(H)||. On the other hand, the poset Im(ψ) is Zr-isomorphic with the posetHom(Krr ,H)
via the natural map
r∏
i=1
pii(F ) 7−→ (pi1(F ), . . . , pir(F )),
which completes the proof.
To obtain a combinatorial lower bound for χ(KGr(H)), r-colorability defect cdr(H) was
defined by Kříž [Kri92]. Actually, the cdr(H) is the minimum number of elements that must
be removed from the vertex set of H such that the induced hypergraph on the remaining
vertices becomes r-colorable. Kříž indeed established the following lower bound2
χ(KGr(H)) ≥
⌈
cdr (H)
r − 1
⌉
.
Later, H. Hajiabolhassan and M. Alishahi improved this bound by introducing a new com-
binotrial parameter. Let us recall this parameter. For any X = (x1, . . . , xr) ∈ (Zr ∪ {0})n \
{(0, . . . , 0)}, let alt(X) be the maximum length of a sub-sequence xi1 , . . . , xik of non-zero
entries of X such that i1 < . . . < ik and xij 6= xij+1 for all j ∈ [r − 1]. Also, for any
ζ i ∈ Zr set Xζi = {j ∈ [n] : xj = ζ i}. For example, for X = (ζ1, 0, ζ2, ζ2, 0, 0, ζ0) ∈
(Z3 ∪ {0})7 \ {(0, . . . , 0)} we have
alt(X) = 3, Xζ0 = {7}, Xζ1 = {1}, Xζ2 = {3, 4}.
Now, for a hypergraph H with n vertices, a positive integer r ≥ 2, and a bijection
σ : [n]→ V (H), define:
2This inequality was originally given by Dolnikov [Dol88] for r = 2.
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altr(H, σ) be the maximum alt(X) where X ∈ (Zr ∪ {0})n \ {(0, . . . , 0)} such that σ(Xζi)
contains no edge of H for all ζ i ∈ Zr. Finally, set
altr(H) = min
σ
altr(H, σ).
Now we are in a position to sate their result. They showed that
χ(KGr(H)) ≥
⌈ |V (H)| − altr(H)
r − 1
⌉
≥
⌈
cdr (H)
r − 1
⌉
, (*)
for details see [AH15]. It is worth pointing out that the both of these combinatorial bounds
imply the Alon–Frankl–Lovász result (Erdős’s conjecture). In addition, M. Alishahi [Ali17]
noticed the following relation between Hom(Krr , KG
r(H)) and altr(H)
indZr (||Hom(Krr , KGr(H))||) + r ≥ |V (H)| − altr(H) (**)
In summary, we have the following hierarchy among presented lower bounds. For any
prime number r, and hypergraph H we have:
χ (KGr(H)) ≥ χ(C(r)HomP(Kr,KG(H))) by Corollary 15
≥ 1 +
⌈
indZr (||Hom(Kr, KG(H))||) + 1
r − 1
⌉
by Corollary 15
= 1 +
⌈
indZr (||Bedge(KGr(H))||) + 1||) + 1
r − 1
⌉
by Lemma 23
= 1 +
⌈
indZr (||Hom(Krr , KGr(H))||) + 1
r − 1
⌉
by Lemma 24
≥
⌈ |V (H)| − altr(H)
r − 1
⌉
by (**)
≥
⌈
cdr (H)
r − 1
⌉
by (*).
9. Index of some products
In this section, we show the correctness of Wrochna’s conjecture for several cases. In
particular, we construct several examples in order to answer a question raised by Marcin
Wrochna [Wro17] as follows: “Can one compute the index of some non-trivial products
involving non-tidy spaces?”. Let us first clarify what non-trivial products and tidy-spaces
mean. Firstly, a G-spaces is called a tidy space if it has the same G-index and G-coindex.
Note that, if for given G-spaces X and Y there is a G-map, say ϕ, from X to Y , then idX×ϕ
gives a G-map from X to X × Y where idX is the identity map on X. Thus, indG(X) ≤
indG(X × Y ). On the other hand, we have always indG(X × Y ) ≤ min{indG(X), indG(Y ))}
as the projection maps piX : X × Y → X, and piY : X × Y → Y are G-map. Therefore,
indG(X×Y ) = min{indG(X), indG(Y )}. In these cases so theWrochna conjecture is obviously
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true. Note that the case that both of X and Y are tidy spaces is a special case of the previous
one. Indeed, if m = coindG(X) = indG(X) ≤ coindG(Y ) = indG(Y ) = n, then there is a G-
map from X to EmG as m = indG(X), and a G-map from EmG to Y as m ≤ n = coindG(Y ).
The composition of these two maps defines a G-map from X to Y . In summary, for a non-
trivial example we need at least one of the factor in the product be a non-tidy space. The
next theorem establishes some particular cases of the calculation of the index of the product
of G-spaces
Theorem 25. Let X, Y be finite free G-CW complexes. If
(a) at least one of X and Y is a tidy space, or
(b) G = Z2, and indZ2(X) = h-ind(X) ≤ h-ind(Y ) ≤ indZ2(Y ), or
(c) G = Z2, and X, Y are closed topological manifolds (or pseudo-manifolds) with indZ2(X) =
dim(X) and indZ2(Y ) = dim(Y ), then
indG(X × Y ) = min{indG(X), indG(Y )}.
Proof. Suppose we have the assumption in part (a). Without loss of generality we can assume
that X is a tidy space. Put m = coindG(X) = indG(X). There is a G-map f : EmG → X
as coindG(X) = m. Also, the identity map idY is a G-map form Y to itself. Now, the map
f × idY defines a G-map from EmG × Y to X × Y . In the similar way there is a G-map
from X × Y to EmG× Y as indG(X) = m. Therefore, indG(X × Y ) = indG(EmG× Y ). Now
using Theorem 5 we get the desired conclusion. For the part (b), the following inequalities
show the correctness of our assertion.
min{indZ2(X), indZ2(Y )} = min{h-indZ2(X), h-indZ2(Y )}
= h-ind(X × Y ) ≤ indZ2(X × Y ) ≤ min{indZ2(X), indZ2(Y )}.
Where in above the second equality follows from Theorem 5 and the last inequality deduced
from the fact that the projection maps piX : X ×Y → X, and piY : X ×Y → Y are Z2-map.
For the proof of the last part it is enough to note that, by [MV15][Corollary 3.1], the as-
sumption indZ2M = dimM implies h-indM = indZ2M = dimM whenM is a closed topolog-
ical manifold (or pseudo-manifolds). Therefore, h-ind(X × Y ) = min{h-ind(X), h-ind(Y )} =
min{dimX, dim(Y )}. Since homological-index is a lower bound for topological index and
indZ2(X×Y ) ≤ min{dim(X), dim(Y )} we are done. Please note that results of this kind hold
true for more general spaces than pseudo-manifolds, see Proposition 3.1 and Corollaries 3.1
and 3.2 in [MV15].
Let us finish this section by listing some concrete non-trivial examples satisfyingWrochna’s
conjecture. First note that, any pair of G-space X, Y with the following properties
coindG(Y ) < coindG(X) ≤ indG(X) < indG(Y ) (])
is a non-trivial candidate for Wrochna’s conjecture. Indeed, There is no G-map from X to Y
as coindG(X) > coindG(Y ). Similarly, there is no G-map from Y to X as indG(Y ) > indG(X).
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Example 26. Consider X = Sn as a free Z2 space whose action is given by the antipodal
map, i.e., x 7→ −x for all x ∈ Sn. The famous Borsuk-Ulam theorem says there is no Z2-map
from a higher dimensional sphere to a lower dimensional sphere. Therefore, coindZ2(X) =
indZ2(X) = n. Also, consider the projective space Y = RP 2n+1 as the quotient of the unit
sphere S2n+1 in Cn+1 over the relation x ∼ −x for all x ∈ S2n+1. The map (v1, . . . , vn+1) 7→
(iv1, . . . , ivn+1) where v1, . . . , vn+1 ∈ C, induced a free Z2-action on RP 2n+1. It is known that
coindZ2(Y ) ≤ 1 [Ziv02], and indZ2(Y ) ≥ n+ 1 [Sto89]. Now, for each n ≥ 2 the pair X, and
Y satisfies (]) and the assumption (a) of Theorem 25. Therefore, this pair is a non-trivial
example of free Z2-spaces satisfying Wrochna’s conjecture.
In the previous example, one of the factors is a tidy space. Next example shows the
computation of index of the product of two non-tidy spaces.
Example 27. First let us start by construction a non-tidy space X satisfying the following
condition:
2 ≤ coindZ2(X) < h-ind(X) = indZ2(X).
In [CF60][Theorem 6.6] Conner and Floyd assert that once we have a vector bundle β : E →
Z with dimension of the fibers n and the degree of the largest nonzero dual Stiefel–Whitney
class k (meaning w¯k(β) 6= 0) then its bundle of (n− 1)-spheres S(β) has homological-index
precisely n−1+k. Note that Conner and Floyd use a different notation interchanging index
and co-index and co-ind2 means the homological-index in our terminology.
It is easy to find an example of such when h-ind and coindZ2 (in our notation) coincide.
Let γk,n → Gk,n be the tautological bundle over the Grassmannian. Then w¯n−k(γk,n) =
wn−k(γn−k,n) 6= 0 and hence by the above theorem h-ind(S(γk,n)) = n− 1. But a member of
S(γk,n) is just a unit vector in Rn together with a k-dimensional linear subspace containing
it. Hence, forgetting the linear subspace, we easily map S(γk,n) to Sn−1 equivariantly with
respect to taking the opposite. This proves that h-ind and indZ2 of this space equal n−1. Now,
let n ≥ 3 be odd and X = S(γ3,n), the existence of an equivariant map f : Sn−1 → S(γ3,n)
would mean that the composition with the natural map g : S(γ3,n)→ Sn−1,
Sn−1 → S(γ3,n)→ Sn−1,
has odd degree. We will only need that this degree is nonzero and the Euler class of the
vector bundle α = (g ◦f)∗(TSn−1) is therefore nonzero. The existence of f means that α has
a 2-dimensional subbundle δ, formed by the orthogonal complement of the unit vector in
its attached (in S(γ3,n)) 3-dimensional linear subspace of Rn. But the Stiefel–Whitney and
Chern classes of δ are zero just because of the dimension considerations (the cohomology of
Sn−1 vanishes in degrees 1 and 2); and for a two-dimensional vector bundle δ this is sufficient
to show that the bundle is trivial. Hence δ has a nonzero section, and α also has a nonzero
section. But this contradicts the fact that the Euler class of α is nonzero. In conclusion,
2 ≤ coindZ2S(γ3,n) < n− 1.
On the other hand, in [Mat17a], T. Matsushita constructed a free Z2-manifold Xn for
each integer n ≥ 2 such that h-ind(Xn) = indZ2(Xn) = n, but coindZ2(Xn) ≤ 1. Put Y = Xn.
Now, by (]) and the assumption (b) in Theorem 25, the pair X and Y is another non-trivial
example of free Z2-spaces, both of them are non-tidy, satisfying Wrochna’s conjecture.
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10. Second Proof of Theorem 5
Here, we will give another proof for Theorem 5. The main idea of the proof is to reduce
the problem to the case when X and Y are modulo two pseudomanifolds with h-ind(X) =
dim(X) = h-ind(Y ) = dim(Y ) = n and finding the details about the spectral sequence of
the cohomology of the fibrations.
Remark 28. It is worth noting that the finiteness assumption in Theorem 5 is not necessary
and we can replace it with the assumption that both of X and Y have finite homological-
indexes. Moreover, the theorem holds for compact spaces as well.
First,we present several assertions about Yang’s homological-index. Most of them are
simple and well known. Let X be a free Z2-CW -complex such that h-ind(X) = n.
Proposition 29. There exists a finite free Z2-CW -subcomplex X ′ of X such that h-ind(X ′) =
h-ind(X). Therefore in what follows we can assume without loss of generality that all com-
plexes in consideration are finite.
Proof. Let z ∈ Hn(X/Z2;Z2) be a homological class such that < wn(X), z > 6= 0. Using
cellular homology we see that there is a cycle representing z and the support of this cycle lies
in some finite CW -subcomplex Y ′ of X/Z2. Now Y ′ is covered by X ′ ⊂ X, so X ′/Z2 = Y ′,
and X ′ is the desired subcomplex.
Proposition 30. Let X(k) be the k-dimensional skeleton of X. Then X(k) is an invariant
subspace for each k and h-ind(X(k)) = k for k ≤ n (obviously h-ind(X(k)) = n for k ≥ n).
Proof. If Y is a CW -complex and Y(n) is its n-skeleton then the inclusion Y(n) → Y induces a
monomorphism Hn(Y ;Z2)→ Hn(Y(n);Z2). It remains to apply this assertion to Y = X/Z2,
since Y(n) = X(n)/Z2. Notice also that the assertion easily follows from Proposition 31
below.
Proposition 31. There exists a connected closed n-dimensional pseudo-manifold M with a
free Z2-action such that h-ind(M) = n and an equivariant map M → X. Moreover M can
be chosen to be a smooth manifold.
Proof. Let z ∈ Hn(X/Z2;Z2) be a homological class such that < wn(X), z >6= 0. Then it is
well known that there exist an n-dimensional pseudo-manifoldM ′ and a map f : M ′ → X/Z2
such that z = f∗[M ′] where [M ′] ∈ Hn(M ′;Z2) is the fundamental homology class of M ′.
Hence f ∗wn(X) 6= 0 and moreover we can assume without loss of generality that M ′ is
connected. There is a double covering M → M ′ induced by the map f from the covering
X → X/Z2 and an equivariant map M → X which induces the map f : M/Z2 = M ′ →
X. Then wn(M) = f ∗wn(X) 6= 0 and since this class is not trivial we see that M is
connected and dim(M) = n = h-ind(M). In fact we can choose M and M ′ = M/Z2 to be
smooth manifolds. This follows from Thom’s solution of Steenrod’s realization problem (for
homology classes with coefficients in Z2), see [CE].
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The double covering X → X/Z2 is induced from the universal covering EZ2 → BZ2 by
some map µ : X/Z2 → BZ2 . Recall that EZ2 = S∞ and BZ2 = RP∞ are infinite dimensional
sphere and projective space respectively and H∗(BZ2 ;Z2) = Z2[w] is a polynomial algebra
generated by 1-dimensional class w ∈ H1(BZ2 ;Z2) and µ∗w = w(X). Now consider the
spectral sequence of the fibre bundle EZ2 ×Z2 X → BZ2 with fiber X. Notice also that this
spectral sequence can be identified with the spectral sequence of the covering X → X/Z2.
Proposition 32. For any p the cohomology class wp(X) ∈ Hp(X/Z2;Z2) coincides with
the image of wp ∈ Hp(BZ2 ;Z2) under the homomorphism Hp(BZ2 ;Z2) = Ep,02 → Ep,0∞ ⊂
Hp(X/Z2;Z2).
Recall that E0,n2 in the spectral sequence of the covering X → X/Z2 is the space of
invariants, i.e. E0,n2 = Hn(X;Z2)Z2 = {α ∈ Hn(X;Z2) | (−1)∗α = α}, where −1 is the
generator of the cyclic group Z2 = {±1}.
Proposition 33. In the spectral sequence of the covering X → X/Z2 the class wn+1 is killed
by transgression, i.e. by the differential dn+1, so there exists α ∈ Hn(X;Z2)Z2 = E0,n2 such
that dkα = 0 for k ≤ n and dn+1α = wn+1.
Proof. This follows from Lemma 1 in [CS72].
Remark 34. In terms of index i( · ) introduced in [Vol00] Proposition 33 reads as i( · ) =
h-ind( · )+1 (see explanations after Proposition 2.1 in [Vol00]). From Proposition 33 it is easy
to obtain the following property of Yang’s homological index which was proved originally
in [CF60]:
Proposition 35. If f : X → Y is an equivariant map of free Z2-spaces and h-ind(X) =
h-ind(Y ) = n then f ∗ : Hn(Y ;Z2)→ Hn(X;Z2) is a nontrivial homomorphism.
Moreover the restriction of f ∗ is a nontrivial homomorphism of subspaces of invariants.
Vice versa it is possible to deduce Proposition 33 from Proposition 35, but it seems not
easier than to give the proof of Lemma 1 in [CS72], which presents much more information
than Proposition 33. However we need to apply Proposition 33 only in one partial case,
which easily follows from Proposition 35, see Remark 36 below.
Second proof of Theorem 5. For simplicity of notation, we rename X and Y as X1 and X2
in the statement of Theorem 5, respectively. Put n = min{h-ind(X1), h-ind(X2)}. The case
n = 1 follows easily from the existence of an equivariant map S1 → X1×X2, since X1×X2
is path connected. Therefore in what follows we assume that n ≥ 2.
By Proposition 30 it suffices to obtain the result in a case when dim(Xi) = n = h-ind(Xi)
for i = 1, 2. This is because n = min{h-ind(X1,(n)), h-ind(X2,(n))} and h-ind(X1 × X2) ≥
h-ind(X1,(n) ×X2,(n)) where Xi,(n) states for n-skeleton of Xi, i = 1, 2.
Next, from Proposition 31 it follows that it remains to prove the theorem in the assump-
tion that dim(Xi) = h-ind(Xi) = n and Hn(Xi;Z2) = Z2 for i = 1, 2. Then Hn(Xi;Z2) =
Hn(Xi;Z2)Z2 = Z2 and H2n(X1 ×X2;Z2)Z2 = H2n(X1 ×X2;Z2) = Z2.
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Consider the spectral sequences for bundles ξi : EZ2 ×Z2 Xi → BZ2 , i = 1, 2, and ξ :
EZ2 ×Z2 (X1 × X2) → BZ2 . Projections X1 × X2 → Xi, i = 1, 2, induce bundle maps
EZ2 ×Z2 (X1 ×X2) → EZ2 ×Z2 Xi, i = 1, 2 and hence the maps of their spectral sequences.
Let αi ∈ Hn(Xi;Z2) = Z2, i = 1, 2, be the generator, then α1 ⊗ α2 is the generator of
H2n(X1×X2;Z2) = Z2. Since h-ind(Xi) = n, we see that wk survives in the spectral sequence
of ξi for any k ≤ n, while wn+1 is killed by some differential ds where 2 ≤ s ≤ n+1. It follows
from Proposition 33 that in the spectral sequence of ξi we have dkαi = 0 for 2 ≤ k ≤ n and
dn+1αi = w
n+1, i = 1, 2. In the spectral sequence of ξ classes α1 ⊗ 1 and 1⊗ α2 are images
of α1, α2 respectively, therefore dk(α1 ⊗ 1) = 0 and dk(1⊗ α2) = 0 for k ≤ n.
Now we argue by contradiction. Assume that h-ind(X1 ×X2) = s < n. Then s ≥ 1, and
in the spectral sequence of ξ we have dk(α1⊗ 1) = 0 and dk(1⊗α2) = 0 for all k ≥ 2. From
the multiplicative properties of the spectral sequence it follows that dk(ws⊗α1⊗α2) = 0 for
all k ≥ 2. Hence Es,2n∞ 6= 0. Thus, H2n+s(EZ2×Z2 (X1×X2);Z2) = H2n+s((X1×X2)/Z2;Z2)
is nontrivial, but this contradicts with the equality dim(X1 ×X2)/Z2 = 2n.
Remark 36. This proof was based on the following assertion:
If X is a connected finite Z2-CW -complex such that dim(X) = h-ind(X) = n and
Hn(X;Z2) = Z2 then in the spectral sequence of the covering X → X/Z2 we have dkα = 0
for i ≤ n and dn+1α = wn+1, where α ∈ Hn(X;Z2) = Z2 is the generator.
This partial case of Proposition 33 follows easily from Proposition 35. Indeed, since
dim(X) = n there exists an equivariant map f : X → Sn. Let γ ∈ Hn(Sn;Z2) = Z2 be the
generator. In the spectral sequence of the covering Sn → Sn/Z2 = RPn we have dkγ = 0 for
i ≤ n and dn+1γ = wn+1. From Proposition 35 we see that f ∗γ = α and the desired result
follows from consideration of the map of the spectral sequence of the covering Sn → RPn to
the spectral sequence of the covering X → X/Z2 induced by f .
Similar arguments show that Proposition 35 implies Proposition 33 for X such that
dim(X) = h-ind(X) (with no assumptions on cohomology of X).
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